WEIGHT-MONODROMY CONJECTURE FOR CERTAIN 
THREEFOLDS IN MIXED CHARACTERISTIC 



TETSUSHI ITO 



Abstract. The weight-monodromy conjecture claims the coincidence of the 
weight filtration and the monodromy filtration, up to shift, on the Z-adic etale 
cohomology of a proper smooth variety over a complete discrete valuation field. 
Although it has been proved in some cases, the case of dimension > 3 in mixed 
characteristic is still open so far. The aim of this paper is to give a proof of the 
weight-monodromy conjecture for a threefold which has a projective strictly 
semistable model such that, for each irreducible component of the special fiber, 
the Picard number is equal to the second i-adic Betti number. Our proof is 
based on a careful analysis of the weight spectral sequence of Rapoport-Zink 
by the Hodge index theorem for surfaces. We also prove a p-adic analogue by 
using the weight spectral sequence of Mokrane. 



1. Introduction 

Let K be a. complete discrete valuation field with residue field F, 6k the 
ring of integers of K, and I a prime number different from the characteristic of 
F. Let X be a proper smooth variety over K and V = H w (X K -,Qi) the /-adic 
etale cohomology group of X-^ = X ® K K on which the absolute Galois group 
Gal(K / K) acts. Let M be the monodromy filtration on V, and W the weight 
filtration on V. M is defined by the action of the inertia group Ik- If F is finite, W 
is defined by Frobenius eigenvalues. If X has a proper strictly semistable model 
over &Ki W can also be defined by the weight spectral sequence of Rapoport-Zink 
(for details, see §21 ©. 

The weight-monodromy conjecture claims the coincidence of these two filtra- 



tions up to shift ( jDelj . |De3j . [TTj . |RZj ). Sometimes, the weight-monodromy 
conjecture is also called Deligne's conjecture on the purity of monodromy filtra- 
tion in the literature. 

Conjecture 1.1 (Weight-monodromy conjecture). MiV = W w+ iV for all i. 

In this paper, we prove Coniecture ll.ll for certain threefolds. The main theorem 
of this paper is as follows. 



Date: February 1, 2008. 

1991 Mathematics Subject Classification. Primary: 11G25; Secondary: 14G20, 14F20, 
14D07. 

1 



2 



TETSUSHI ITO 



Theorem 1.2. Let X be a proper smooth variety of dimension 3 over K which has 
a proper strictly semistable model X over G K . Let X % , . . . ,X m be the irreducible 
components of the special fiber of X. Assume that the following conditions are 
satisfied. 

(1) X is projective over &k- 

(2) For all i, the Picard number p((Xi)-p) is equal to the second l-adic Betti 
number dim^ H 2 ((Xi)-p, Qi), where (X^p = Xi® F F . 

Then, Coniecture \l.l\ holds for X . 



Similarly, in Theorem 15.11 we also prove a p-adic analogue by using the weight 
spectral sequence of Mokrane for p-adic cohomology (for details, see 

For a proper smooth variety Y over F, let Pic(Y) be the Picard group of Y, 
and Pic r (Y) (resp. Pic°(F)) the sub group of Pic(F) generated by divisors which 
are numerically equivalent to (resp. algebraically equivalent to 0). The quotient 
NS(Y) := Pic(r)/Pic°(F) is called the Neron-Severi group of Y . It is known that 
NS(Y) is a finitely generated abelian group, Pic T (Y")/Pic°(y) is a finite abelian 
group, and Pic°(Y) has a structure of an abelian variety called the Picard variety 
of Y ([El, 19.3.1, JEOH, C-07-C-11). p{Y) := rank z NS(Y) is called the Picard 
number of Y . Since algebraically equivalent cycles define the same cohomology 
class, we have the cycle map NS(Y) -> H 2 (Y, Qi(l)). Ex u ...,x r e NS(Y)® Z Q 
are linearly independent over Q, the images of Xi,...,x r by the cycle map is 
linearly independent over by an argument using Poincare duality (see also an 
argument in [EI!, Lemma 5-2). Hence, the map NS(Y) <g> z Qi -> H 2 (Y,Qi(l)) 
is injective. Therefore, the second condition of Theorem 11.21 is equivalent to say 
that the cycle map 

NS((X t ) ¥ )® z Q l -^U tf 2 (pQ) F ,Q,(l)), 
is an isomorphism for all i. 

Conj ect ure 11.11 was known to hold if X/K satisfies at least one of the following 
conditions. 



(1) X has a proper smooth model X over £?k- I n this case, Conjecture 11.11 
follows from the Weil conjecture for the special fiber X®@ K F ( |De2j . [De3j ). 

(2) X is a curve or an abelian variety. In this case, Grothendieck proved Con- 
jecture ^^by the Picard-Lefschetz theorem and the theory of Neron mod- 
els ( |SGA7-lj . IX, for an arithmetic proof by Deligne, see also |SGA7-Ij . 
I, 6, Appendice). 

(3) X is of dimension < 2. If X has a proper strictly semistable model X 
over Gk-, then Conjecture II . II was proved by Rapoport-Zink by using the 
weight-spectral sequence (§21 PZJ). For general X, we may use de Jong's 
alteration (jdJj). 
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(4) K is of characteristic p > 0. If X/K comes from a family of varieties 
over a curve / : X — > C over a finite field by localization, Conjecture 11.11 
was proved by Deligne in [De3 in his proof of the Weil conjecture. We 
can reduce the general case to Deligne's case by a specialization argument 

(na, nun. 

(5) K and F are of characteristic 0. In this case, Conjecture 11.11 follows 
from a Hodge analogue over C by Lefschetz principle ( Remark 13.41 [StJ, 
[SaMl], see also |SaZj . |GNAj . |SaM 2j). In |Itlj . another proof was given 
by modulo p reduction. 

Our proof of Theorem 11.21 is based on a careful analysis of the weight spectral 
sequence of Rapoport-Zink ( |RZj ). It is inspired by the proof of a Hodge analogue 
over C by Steenbrink, M. Saito. Instead of Hodge theory, we use the Hodge 
index theorem for surfaces which was proved in any characteristic by Segre and, 
independently, by Grothendieck (see jKlj, 5, |Grj . |Fuj . Example 15.2.4). 

Note that, in dimension > 3 and in mixed characteristic, Conjecture II .11 is still 
open in general. In the followings, we give a way to construct nontrivial examples 
for which the conditions of Theorem 11.21 are satisfied by using the theory of p- 
adic uniformization by Mumford, Mustafin, Kurihara (for details about p-adic 
uniformization, see |Musj . |Kuj ) . 

Example 1.3. Let p be a prime number, d > 3 an integer, K a finite extension 
of the p-adic field Q p with residue field W q , VL d K the Drinfeld upper half space 
of dimension d over K. For a sufficiently small cocompact torsion free discrete 
subgroup T C PGLd+i^), it is known that the quotient T\VL d K can be algebraized 
to a projective smooth variety Xr over K. Moreover, Xr has a projective strictly 
semistable model Xr over &k such that all irreducible components of the special 
fiber are isomorphic to the blow-up of Pp along Fq-rational linear subvarieties. 
Therefore, if d = 3, Xr itself satisfies the conditions of Theorem 11.21 More 
generally, by the hard Lefschetz theorem, the conditions of Theorem 11.21 are 
satisfied for the generic fiber of Xr D Hi n • • • fl Has, where Xr fl Hi fl • • • H Has 
denotes the scheme obtained by taking general hyperplane sections (d — 3)-times 
for a projective embedding Xr C 

Remark 1.4. Recently, the author proved Conjecture II. ll for Xr for all d ( |It2j ). 
The crucial point in |It2j is to prove Grothendieck's Hodge standard conjecture 
for varieties appearing in the special fiber of Xr- 
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2. MONODROMY FILTRATION AND WEIGHT FILTRATION 

Let notation be as in JO In this section, we recall the definition of the mon- 
odromy filtration MonV and the weight filtration W on V. 

2.1. Monodromy filtration. Let Ik be the inertia group of K, which is the 
subgroup of Gal(K/K) consisting of elements acting trivially on F. Then there 
is an exact sequence 

1 ► I K ► Gal(K/K) ► Gal(F/F) ► 1. 

Gal(F/F) acts on I K by conjugation (r : o \— > tot~ x , r G G&\(F/F), & G Ik)- 
The pro-Z-part of Ik is isomorphic to Zj(l) as a Gal(F/F)-module by 

Mt 1/,w A 

ti : I K 3 cr j g hmfr = Z{(1), 

where ir is a uniformizer of K, and /i/n is the group of / n -th roots of unity. It is 
known that ti is independent of a choice of 7r and its Z n -th root -n 1 / 1 ™ ( |Sej ) . 

By Grothendieck's monodromy theorem ( |ST| . Appendix, see also |SGA7-Ij . I, 
Variante 1.3), there exist N, M > 1 such that (p{<x) N - 1) M = for all a G I K - 
Therefore, by replacing K by a finite extension of it, we may suppose that Ik 
acts on V through ti : Ik — * ^z(l) and this action is unipotent. Then there is a 
unique nilpotent map : V(l) — > V of Gal(A'/A')-representations such that 

p(a) = exp(ti(a)N) for all cr G Ik- 

Here A is a nilpotent map means that there is r > 1 such that A r : V(r) — > V 
is zero, where V(r) denotes the r-th Tate twist of V. N is called the monodromy 
operator on V. 

Definition 2.1. ([De3j, I, 1.7.2) There exists a unique filtration M on V called 
the monodromy filtration characterized by the following properties. 

(1) M is an increasing filtration • ■ • C M^V C M { V C M i+1 V C ■ ■ • of 
Gal(A'/A')-representations such that MjV = for sufficiently small i and 
M{V = V for sufficiently large i. 

(2) N(MiV(l)) C Mi_ 2 V for all i. 

(3) By the second condition, we can define A : GrfV(l) Gr£ 2 V, where 
Grf V = MiV/M^V. Then, for each r > 0, A r : Gr^V(r) -> Gr M r 1/ is 
an isomorphism. 
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In the above definition, we have replaced K by a finite extension of it. We 
can easily see that M is stable under the action of Gal{K / K) for the original K. 
Therefore, we can define the monodromy filtration M as a filtration of GaA(K / K)- 
representations without replacing K by a finite extension of it. 

2.2. Weight filtration. Here we give two definitions of the weight filtration W 
on V . One definition makes sense if F is a finite field (Definition [23) • The other 
one makes sense if X has a proper strictly semistable model over @k (Definition 
12. 3|) . Note that if both definitions make sense, they define the same filtration 
(Remark EH Remark EO 2). 

Firstly, assume that F is a finite field ¥ q with q elements. Let Fr g e Gal(F 9 /F 9 ) 
be the geometric Frobenius element. Namely, Fr g is the inverse of the q-th power 
map (F q 3 x i— > x q G ¥ q ). 

Definition 2.2. ( |Delj . |De3j . I, 1.7.5) There exists a unique filtration W called 
the weight filtration on V characterized by the following properties (for existence, 
see Remark 13.21 2). 

(1) W is an increasing filtration • • • C Wi-iV C WiV C W i+ iV C ■ ■ • of 
Gal(i^/i^)-representations such that W^V = for sufficiently small i and 
WiV = V for sufficiently large i. 

(2) The action of Ik on Gr^V factors through a finite quotient. 

(3) Let Fr g be a lift of Fr g in Gal(K/K). Then all of the eigenvalues of the 
action of Fr g on Gr^V = WiV/W^iV are algebraic integers with the 
property that the complex absolute values of their complex conjugates 
are q 1 ^ 2 . Note that this condition doesn't depend on a choice of Yi q by 
the second condition. 

If X has a proper strictly semistable model over &k (Definition 13. 1)1 . we define 
the weight filtration W on V by using the weight spectral sequence of Rapoport- 
Zink (for details, see 

Definition 2.3. The weight filtration W on V is a filtration defined by the weight 
spectral sequence of Rapoport-Zink in 

Remark 2.4. By the Weil conjecture, if F is a finite field and X has a proper 
strictly semistable model over @x, these two definitions give the same filtration 
on V (Remark EH 2). 



3. Weight spectral sequences 
Let notation be as in ^ Let X be a proper smooth variety over K of dimension 

n. 
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Definition 3.1. A regular scheme X which is proper and flat over &k is called a 
proper strictly semistable model of X over & K if the generic fiber X K := X®@ K K 
is isomorphic to X and the special fiber Xf := X ®e K F is a divisor of X with 
simple normal crossings. 

We recall the weight spectral sequence of Rapoport-Zink ( |RZj ). Assume that 
X has a proper strictly semistable model X over Ok- Let Xi, . . . ,X m be the 
irreducible components of the special fiber of X, and 

x®-.= H x h n---nx ir 

l<il<---<ij<m 

Then X® is a proper smooth variety of dimension n — j + 1 over F. The weight 
spectral sequence of Rapoport-Zink is as follows. 

E -r, W+ r = Q HW _ r _ 2k ^ k+r+ l) ^ Q ^_ r _ ^ 
fc>max{0,— r} 

This spectral sequence is Gal(if/if)-equivariant. The map d\ 3 : E\ 3 — >■ E 1 ^ 1 ' 3 
can be described by restriction morphisms and Gysin morphisms explicitly (see 
RZ , 2.10 for details). Note that Ik acts on E % { 3 trivially and GaA(F/F) acts on 
them. 

Remark 3.2. We recall some properties of the weight spectral sequence. 

(1) The action of the monodromy operator A on H w (Xj^,Qi) is induced by 
a natural map A : E l { 3 {X) — > E\ +2,J ~ 2 satisfying 

7\rr T7i— r i f+r/ \ — j-ir, id— r 

A : E l (r) > E{ 

for all r, 10. We can describe A : E\ 3 \\) -> £}+ 2 ^- 2 explicitly QRZj, 
2.10). 

(2) If F is a finite field F g with q elements, jp>-r-2fc(xj? fc+p+1) , Qi(-r - k)) 
has weight (w — r — 2k) — 2(— r — fc) = io + r by the Weil conjecture 
QDe2j, [De3;). Namely, all of the eigenvalues of the action of Fr g are 
algebraic integers with the property that the complex absolute values of 
their complex conjugates are q( w+r ^ 2 . Therefore, El' 3 has weight j, and 
the filtration on H w (Xj^,Qi) induced by the weight spectral sequence 
is the weight filtration W in Definition 12.21 Note that this proves the 
existence of W in Definition 12.21 (for general X, we may use de Jong's 
alteration to reduce to the semistable case (jdJj)). 

(3) The weight spectral sequence always degenerates at E 2 . If F is a fi- 
nite field, this is a consequence of the Weil conjecture. Since E\ 3 has 
weight j as above, d 1 ^ : Ep J — > E l r +r ^~ T+1 is a map between Gal(F / F)- 
representations with different weights for r > 2. Hence it must be zero. 
For general F, Nakayama proved the ^-degeneracy by reducing to the 
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above case by log geometry ( |Naj . for the equal characteristic case, see 

also nni). 

Therefore, if X has a proper strictly semistable model over &k, the weight- 
monodromy conjecture (Conjecture II. 1|1 is equivalent to the following conjecture 
on the weight spectral sequence. 

Conjecture 3.3 ( RZJ, II ). Let X be a proper smooth variety over K which has 
a proper strictly semistable model X over &k- Let E~ r > w+r H W (X^, Q/) be the 
weight spectral sequence of Rapoport-Zink. Then N r induces an isomorphism 

A7T T7i— r i w+r/ \ — j-\r,w—r 

N r : E 2 (r) ► E 2 ' 

on E 2 -terms for all r,w. 

Remark 3.4. The weight spectral sequence was originally constructed by Steen- 
brink over C ([Si])- In this case, we can formulate a Hodge analogue of Conjecture 
13.31 This was proved by Steenbrink, M. Saito, and Deligne (unpublished) by us- 
ing polarized Hodge structures (|5tj. 5.10, |SaMlj . 4.2.5, see also |SaZ| . |CNAj . 
SaM2j). If F is of characteristic 0, we can prove Conjecture 13.31 by Lefschetz 
principle. However, in mixed characteristic, we can't directly follow the argu- 
ment over C because we don't have a good analogue of polarized Hodge structures 
for etale cohomology. Nevertheless, for divisors on algebraic surfaces, we have a 
good analogue, namely, the Hodge index theorem. This is a crucial observation 
in the proof of Theorem 11.21 in this paper (see |SaM2j for an argument assuming 
Grothendieck's standard conjectures). 

4. Proof of Theorem 11.21 

Let notation be as in ^ Let X be a proper smooth variety of dimension 3 over 
K which has a proper strictly semistable model X over @k- Let X±, . . . , X m be 
the irreducible components of the special fiber of X. Let E^ r ' w+r =3- H w (Xj^, Qi) 
be the weight spectral sequence of Rapoport-Zink as in To prove Theorem 
11.21 it is enough to prove the following proposition (see Conjecture 13. 3|) . 

Proposition 4.1. Let notation be as above. Assume that the following conditions 
are satisfied. 

(1) X is projective over & K . 

(2) p((X 4 V) = dim Q , # 2 ((X^, Q,) for all i. 

Then N r induces an isomorphism 

A7T TP — r > w + r/ \ — rpr,W — r 

N r : E 2 (r) > E 2 ' 

on E 2 -terms for all r,w . Namely, Coniecture VS .tA holds for X. Hence Conjecture 
li.il also holds for X . 
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Proof. First of all, we simplify and fix some notation. Let 



fc>max{0,— r} 



denote the differential on E'l-terms, where 



piH'iX®,®) > iP(X^ +1) ,Q z ) 



be a linear combination of restriction morphisms for some s,t (p is (— l) r+k 8 in 
H], 2.10), and 



t:H s (X®,Qi) > ff' +2 (x£ _1) , <&(!)) 



be a linear combination of Gysin morphisms for some s,t (r is (— l) k d[ in [RZJ, 
2.10). We use the same letters p, r for different i,j, k, by abuse of notation. We 
write 

A = X§\ B = X$>, C = xf, D = xf. 

Note that A, B, C, D are disjoint unions of proper smooth varieties of dimen- 
sion 3, 2, 1, 0, respectively. We omit the coefficients and the Tate twists of etale 
cohomology groups. 

Then we have the following sequence of restriction morphisms 

H S {A) — H S (B) — H S {C) — i/ s (D) 
satisfying p o p = 0, and the following sequence of Gysin morphisms 

H S {D) H S+2 (C) H S+ \B) H S+6 (A) 



satisfying r o r = 0. Moreover, from the explicit description of p, r in |RZj . 2.10, 
we know that p, r are dual to each other with respect to the sum of the cup 
product pairings and satisfy rop + por = 0. 

In the notation above, the ^-terms El' 3 of the weight spectral sequence are as 
follows. 
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6 H°(D)^H 2 (C)^ H\B) ^ H\A) 

5 H\C) ^ H\B) A H\A) 

r+ P H 2 (B) (t+p^t)H\A) [pyr) 4 

T _i P H 2 (A) (p,r+p)H 2 (B) M rr 2 /^\ 
2 ^ ©#°(L7) ©tf ^) ^ l ° j 

1 A tf 1 ^) ^ H\C) 

o A H°(B) A tf°(C) ^H°(D) 

j/i -3-2-1 1 2 3 

We have to check that iV r induces an isomorphism N r : .E 2 ~ r ' u ' +r ^ E^ w ~ r on 
i? 2 -terms for all r, w. 



For most r,w, we can use the same argument as in RZJ, 2.13. Namely, for 
H° and the Poincare dual of H°, the cohomology groups have combinatorial 
structures. Hence we can apply a positivity argument to the underlying Q- 
structures of them. For H 1 and the Poincare dual of H 1 , we can use polarizations 
of Picard varieties (for details of the proof, see |RZj . 2.13). 



The only part to which we can't apply an argument in |RZj is the following 
part. 

r+P^ H 2 (B) (r+*T) H\A) 



N 



@H°{C) ®H\D) H [U) 

Here N is the identity map. Note that these two rows are dual to each other with 
respect to the sum of the cup product pairings 

H 2 (A) x H\A) - Q h H 2 (B) x H 2 (B) - 



H\C) x H 2 (C) -> Q { , H (D) x H (D) 



By definition, the cohomology of the first row is E 2 ' , and the cohomology of 



1 2 

the second row is E 2 ' ■ 
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Let us consider the following simple linear algebra lemma. 
Lemma 4.2. Let 

V 1 — V 2 — V 3 
be a complex of finite dimensional vector spaces over a field k, and 

V* — V* — V? 

£/ie dua/ 0/ it. Fza; a nondegenerate pairing (, ) on V2, and identify V 2 and V 2 * by 
(,). Assume that Im/ C Imp*. Then, the identification V 2 = V 2 * induces a map 
on the cohomology groups 

Ker g/lmf ► Ker f* /hag*. 

This is an isomorphism if and only if Ker g nimg* C Im/. 

Proof of Lemma \4.%\ Since 

dim&(Ker g/lmf) = (dim^ V 2 — rankg) — rank/ 
dimfc(Ker /*/Im gr*) = (dim^ V^* — rank/*) — rankg*, 

we see that Ker g /Im f and Ker/*/Imgf* have the same dimensions. Therefore, 
Ker g/lmf — > Ker f*/lmg* is an isomorphism if and only if it is injective, if and 
only if Kergf fl Img* C Im/. □ 

To prove Proposition 14. 11 we need the following important lemma. 
Lemma 4.3. In the following sequence of r, p, r 

H\B) H\A) — # 2 (5) — i7 4 (A), 

we /iaue Ker r fl Im p = Im (p o r) in H 2 (B) . 

Note that since r o p o r = —p o r o r = 0, Ker r fl Im p D Im (p o r). However 
the opposite inclusion C is highly nontrivial. 

We postpone the proof of Lemma 14.31 and finish the proof of Proposition 14.11 
According to Lemma [4.21 it is enough to show that the intersection 

Ker (H 2 (B) © H°(D) {t ^ ] H\A) © H 2 (C)) 

n Im (H 2 (A) © H°(C) (P ^ P) H 2 (B) © H°(D)) 

is contained in Im (H°(C) ^ H 2 (B) © H°(D)). Take an element (a, c) G 
if 2 (/L) ©if°(C) such that the image (p(a) + r(c), p(c)) lies in the above intersec- 
tion. Namely, we have 

r(p(a) + r(c)) = 0, p(p(a) + r(c)) + r o p(c) = 0. 

Since r o r = 0, we have p(a) G Ker r fl Im p C H 2 (B). Hence by Lemma f4. 31 we 
can write p(a) = p o r(6) for some b G H°(B). We put c' = — p(6) + c G H°(C). 
Then we have 

r(c') = r(-p(6) + c) = p(a) + r(c), p(c') = p(-p(fo) + c) = p(c) 
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since — r o p = p o r, pop = 0. Hence we have 

T+p 



(p(a) + t(c), p(c)) G Im (H°(C) ^ H 2 (B) © H°(D)). 
and Proposition 14.11 is proved except for Lemma f4. 31 

Finally we shall prove Lemma f4. 31 



□ 



Proof of Lemma \4-^\ By the first condition of Proposition 14.11 let 

L : H S (A) -> H S+2 (A), L : H S (B) -> Pf s+2 (P) 

denote the cup products with the cohomology class of an ample line bundle on 
the special fiber of X. L commutes with p, r. By the hard Lefschetz theorem 
proved by Deligne in any characteristic ( |De3j . 4.1.1), the maps 

V : H Z '\A) -> H 3+i (A), V : H 2 -\A) -> P 2+i (P) 

are isomorphisms. We define the primitive parts as follows. 

P°(A) := H°(A), P 2 (A) := Ker (L 2 : H 2 (A) -> P 6 (A)), 

P°(P) := #°(P), P 2 (P) := Ker (L : H 2 (B) -> P 4 (P)). 

To distinguish different r and p, we use the notation as in the following diagram. 

L 3 P°(A) = H 6 (A) 



LP 2 (A)®L 2 P°(A) = H\A) 
P 2 (A)®LP°(A) = H 2 (A) 




H (B) = L 2 P°(B) 



H 2 {B) = LP°(P) ©P 2 (P) 



H°(B) = P°(B) 



P°(A) = H°(A) 

For 2 = 0,2, 4, we define Im°pj C Im p i5 Im Tj C Im Tj as follows. 
Im°p := Impo 

Im°p 2 := {p 2 {LP°(A))nLP°(B)) 
©(Imp 2 nP 2 (P)) 

= LImpo© (Imp 2 nP 2 (P)) 
Im°p 4 := p±{L 2 P\A)) 

= L 2 lm p 

For i = 0,2, 4, we define 

ImVi := Impj/Im°pi, 

Claim 4.4. L and L 2 induce the following isomorphisms. 

L 2 : Im°po = Im°p4, L : Im°r = Im°r 2 , 
L : Im x p2 = ImVi, £ 2 : ImVo = Im 1 r 4 . 



Im°r := Imr nP 2 (A) 

Im°r 2 := r 2 (LP°(P)) n LP 2 (A) 

= LIm°r 

Im°r 4 := 



ImVj := ImTj/Im°rj. 
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Proof of Claim The claim for Im° trivially follows from the definition of Im°. 



For Im 1 , the surjectivity follows from the hard Lefschetz theorem. And the 
injectivity can be checked directly from the definition of Im°. □ 

Claim 4.5. We have the following equality of dimensions of Im° and Im 1 . 
dim^ Im°pj = dim^ ImVj for % = 0, 2, 4 
diniQ; Im rj = dim<Q ; Im 1 / o i+2 for i = 0, 2 

Proof of Claim Since po and t 4 are dual to each other, diniQ, Im p = dim<Q ; Im r 4 . 
Similarly dim<Q ; Imp 2 = dimQ ; Imr 2 , dimQ ; Imp4 = dimQjImro. On the other 
hand, since dim^ Im p^ = diniQ ; Im°p i +dim ( Q ! lm 1 p i and dim^ Im = dim^ Im°Tj+ 
diniQ, ImVj for i — 0, 2, 4, we have 

dim Qi Im°p + diniQ, Im 1 p = diniQ, Im°r 4 + dim Im 1 r 4 

dimQ ( Im°p 2 + dim Qj Im p 2 = diniQ, Im°r 2 + diniQ, ImV 2 

dimQ, Im°p 4 + dim Qj Im x p 4 = diniQ, Im°r + diniQ, ImVo- 

Then Claim l4~o1 follows from Claim l4~4l and dirriQj Im 1 p = diniQ ; Im°r 4 = 0. □ 

We define a pairing on P 2 (A) by P 2 (A) 3 x,y 1— > LUxUy G Qi, where LUxUy 
denotes the sum of the cup product pairings. We call this pairing the sum of the 
Lefschetz pairings on P 2 (A). 

Claim 4.6. The restriction of the sum of the cup product pairings on H 2 (B) to 
Im°p 2 is nondegenerate. Moreover, the restriction of the sum of the Lefschetz 
pairings on P 2 (A) to Im°To is also nondegenerate. 

Proof of Claim By the second condition of Proposition 14.11 the cycle map 

NS(A) © z Q, -^-> H 2 (A) 

is an isomorphism, where NS(A) is the Neron-Severi group of A. We consider 
the following commutative diagram 

NS(A) ©z Q NS(B) © z Q 



H 2 (A) -^-> H 2 (B), 

where p' is defined by the same way as p 2 . We can define an analogue of the 
primitive decomposition at the level of the Neron-Severi groups 

NS(A) ©z Q = N°(A) © N 2 {A), NS{B) © z Q = N°(B) © N 2 {B) 

such that 

N°(A) ©q Q, = LP°(A), N 2 (A) © Q Qi = P 2 (A), 

N°(B) ©q Q t = LP°(B), N 2 (B) © Q C P 2 (B). 
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We define 

ImV := (p'(N°(A)) fl N°(B)) © (Imp' n N 2 (B)). 

Then we have (Im°p') ®q = Im°p 2 . Namely, Im°p 2 has a Q-structure coming 
from the Neron-Severi groups. Since the restriction of the cup product pairings 
on H 2 (B) to NS(B) ®z Q is the intersection product pairings, we have only 
to show that the restriction of the sum of the intersection product pairings on 
NS(B) ®i Q to Im /?' is nondegenerate. To prove the nondegeneracy, take an 
element x G Im°p' such that x ■ y — for all y G Im°p', where x ■ y denotes the 
sum of the intersection product pairings. We write 

x = a + b } a G p'(N°(A)) fl N°(B), b Gimp' f]N 2 (B) 

If a 7^ 0, we have x ■ a = a ■ a > since the self intersection of an ample divisor 
is positive. Hence we have a = 0. If b ^ 0, we have x-b = b- b<0by the Hodge 
index theorem (see |Klj . 5, |Grj . |Fuj . Example 15.2.4). Therefore we have 6 = 0, 
hence x = 0. This proves the first assertion. 

The proof of the second assertion is similar. By applying the Hodge index 
theorem to a hyperplane section of each connected component of A, we see that 
the restriction of the sum of the Lefschetz pairings to N 2 (A) is negative definite. 
By the same way as above, we see that Im°ro C P 2 (A) has a Q-structure. Namely, 
there is a Q-subspace V C N 2 (A) such that Im°r = V ®q Q;. The restriction 
of the sum of the Lefschetz pairings to V is nondegenerate because it is negative 
definite. Therefore, the restriction of the sum of the Lefschetz pairings to Im°To 
is also nondegenerate. □ 

Claim 4.7. The composition of the following maps is an isomorphism. 

Im°To — ^— > Imp 2 > Im 1 p 2 = Imp 2 /Im°p2 

Proof of Claim \J7?\ By Claim 14*31 diniQ ; Im°r = dimQ ; Im x p 2 . Therefore, we 
have only to prove the composition is injective. Take a nonzero element x = 
Tq(x') G Im°r such that p 2 (x) G Im°p 2 . By the first assertion of Claim F4~ol if 
P2{%) 7^ 0, there exists y G H 2 (A) such that the sum of the cup product pairings 
p 2 (a;) U p 2 (y) is nonzero. Since p 2 , r 2 are dual to each other, we have 

^ p 2 {x) U p 2 {y) = (r 2 o p 2 {x)) U y = (r 2 o p 2 o r (x')) U y = 0, 

which is absurd. Hence p 2 (x) = 0. By the second assertion of Claim |4~""", there 
exists r (y') G Im°r such that the sum of the Lefschetz pairings LUr (i') Ur (y') 
is nonzero. Since p 4 , r are dual to each other, we have 

^ L U t (x') U r {y') = p 4 (L U r (x')) U y' = L U (p 2 o r (x')) U y' 
= LUp 2 (x)Uy' = 0, 



which is absurd. Hence we have Claim F4~71 



□ 
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By Claim |4~T1 the surjection Imp 2 — ► Ini 1 p2 has a canonical splitting. There- 
fore, we have a canonical decomposition of Imp 2 as follows 

Imp 2 = Im°p 2 © Im 1 p2- 

We shall show that this decomposition is an orthogonal decomposition with re- 
spect to the sum of the cup product pairings on H 2 (B). Take (p 2 (a), p 2 (6)) G 
Im°p 2 ©Im 1 p 2 . By Claim l4~T| if we choose an appropriate b, we can write b = To(c) 
for some c G H°(B). Then, we have 

p 2 (a) U p 2 (b) = p 2 (a) U (p 2 o r (c)) = a U (r 2 o p 2 o r (c)) = 

since p 2 , r 2 are dual to each other and r 2 o p 2 o r = 0. 

Now we shall prove Lemma 14.31 We have only to prove Ker r 2 D Im p 2 C 
Im (p 2 o t ) since the opposite inclusion is trivial. Let x G KerT 2 R Imp 2 . Then, 
for all y G # 2 (A), 

x U p 2 {y) = t 2 (x) Uy = 

because t 2 (x) = 0. We write x = a + b, a G Im°p 2 , b G Im 1 p 2 . If a ^ 0, by Claim 
14.61 there exists c G Im°p 2 such that 

xUc = aUc + bUc = aUc^O, 

which is absurd. Hence a = and x G p 2 (Im°T ) C Im (p 2 o t ). This proves 
Lemma 14.31 

Therefore the proof of Proposition ^. H and hence Theorem ll.2l is completed. □ 

Remark 4.8. Lemma [4.31 is an analogue of Lemma 4.1.9 in SaMlJ which is the 
key step in the proof of a Hodge analogue of Conjecture 13.31 Note that in the 
proof of Lemma 14.31 Claim 14.61 is the only part where we use the conditions of 
Proposition 14.11 and the Hodge index theorem. 

5. A p-ADIC ANALOGUE 

In this section, we prove a p-adic analogue of Theorem 11.21 by using the weight 
spectral sequence of Mokrane for p-adic cohomology. 

Let notation be as in ^ Assume that F is a finite field. Let W(F) be 
the ring of Witt vectors with coefficients in F, and Kq the field of fractions of 
W(F). Mokrane constructed a p-adic analogue of the weight spectral sequence 
of Rapoport-Zink of the following form 

E ~r, w+r= H^- 2k {X^ 2k+r ^/W{F)){-r-k) 

fc>max{0,— r} 

=► HZ^ S {X*/W(FY\ 

where H* iys denotes the crystalline cohomology, and H^ gcrys (Xp /W(F) X ) de- 
notes the log crystalline cohomology of the special fiber X F = £<S>^ K F endowed 
with a natural log structure (see |Moj . §3.23, Theoreme 3.32). 
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This spectral sequence has similar properties as the Z-adic case (compare with 
Remark 13. 2|) . This spectral sequence degenerates at E 2 modulo torsion, which 
is a consequence of the Weil conjecture for crystalline cohomology proved by 
Katz- Messing ([KM ). There is a monodromy operator N satisfying the same 
properties as the Z-adic case (N coincides with v in |Moj . §3.33). Moreover, there 
is a p-adic analogue of the weight-mono dromy conjecture ( |Moj . Conjecture 3.27, 
§3.33). 

We have a p-adic analogue of Theorem 11.21 

Theorem 5.1. Let X be a proper smooth variety of dimension 3 over K which has 
a proper strictly semistable model X over G K . Let X x , . . . ,X m be the irreducible 
components of the special fiber of X. Assume that the following conditions are 
satisfied. 

(1) X is projective over K . 

(2) p((X t ) T ) = dim Ko Hl ys (X t /W(F)) ® W{F) K Q for all i. 

Then, N r induces an isomorphism 

N r : E~ r ' w+r (r) ® W(F) K -^-> E r 2 ' w ~ r ® W(F) K 

for all r,w. Therefore, a p-adic analogue of the weight-monodromy conjecture 
flMo] . Conjecture 3.27, p. 33) holds for X. 

Proof. The proof is the same as the Z-adic case. Namely, for H°, H 1 and the 
Poincare dual of them, we can use the same argument as in Mokrane's proof of 
a p-adic analogue of the weight-monodromy conjecture for curves and surfaces 
([Mo], §5, §6). To prove an analogue of Lemma IP} we use the cycle map of 
crystalline cohomology instead of Z-adic cohomology ( GM], jOr] ) . □ 

Remark 5.2. It is known that dinix H^ ryB (Xi/W(F)) <S>w(f) Ko is equal to 
dim Ql H 2 ((Xi)p,Qi) for all Z ^ charF (|KM|, Corollary 1). Therefore, the con- 
ditions of Theorem 11.21 and Theorem 15.11 are equivalent to each other. 
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